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We define a class of orthosymplectic superalgebras osp{m; j\2n;uj) which may be 
obtained from osp{m\2n) by contractions and analytic continuations in a similar 
way as the orthogonal and the symplectic Cayley-Klein algebras are obtained from 
the corresponding classical ones. Contractions of osp{l\2) and osp(3|2) are regarded 
as an examples. 

Since their discoveryB i i in 1971 the supersymnietry is used in different 
physical theories such as Kaluza-Klein supergravity supersymmetri|C: field 
theories of the Wess-Zumino typeB, massless higher-spin field theories Re- 
cently the secret theoryQ (oii.S-theory) that includes superstring theory and its 
super p-brane and D-braneu generalizations was discussed. All these theories 
are build algebraically with the help of some superalgebra in their base. In 
this work we wish to present a wide class of Cayley-Klein (CK) superalgebras 
which may be used for constractions of different sypersymmetric models. 

1 osp{m\2n) superalgebra 

Let e/j G Mm+2n satisfying {eij)KL — SuSjk are elementary matrices. One 
defines the following graded matrix 











/„ 




-/„ 0^ 



where Im, In are identity matrices. Let i, j, . . . = 1, . . . ,m, i, j = m+1, . . . , m+ 
2n. The generators of the orthosymplectic superalgebra osp{m\2n) are given 
by 

fe k 

Ei] = E-ji = '^ GikGkj + ^ GjkGki, (1) 

k k 
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where the even (bosonic) Eij generate the so{m) part, the even (bosonic) Ejj 

generate the sp{2n) part and the rest E.fj arc the odd (fermionic) generators 
of superalgcbra. They satisfy the following (super) commutation relations 

[Eij,Eki] = GjkEii + GiiEjk — Gii-Eji — GjiEi^, 

[^ij . ^ki] = GjkEii - GikEji, [Eij , E^i] = -Gj^Eii - G-flEi^ , 

[Eij , E^i] = 0, {Efj , E^i} = GikEji - GjiEik . (2) 

In the matrix form osp{m\2n) = {M S M„+2„|M'**G + GM = 0}. If the 
matrix M has the following form: M = J2ij ctijEij + J2ij hjE'ij + Y,ij l^i'jEfj, 
with atj , 5jj G R or C and /x^j as the odd nilpotent elements of Grassmann 
algebra: p?^j = 0, fiijPi,ji = — jiiiji fifj , then the corresponding supergroup 
Osp{m\2n) is obtained by the exponential map M. = expM and act on (su- 
per)vector space by matrix multiplication X' = A4X, where A"* = x is 

a n-dimentsional even vector and ^ is a 2m-dimensional odd vector with odd 
Grassmann elements. The form inv = + 2 J2T=i ^+kS-k = x"^ + 29"^ is 

invariant under this action of orthosymplectic supergroup. 

2 Cayley-Klein orthogonal and symplectic algebras 

Orthogonal so(m) and symplectic sp{2n) algebras are even subalgcbras of 
osp{m\2n). On the other hand both of these algebras may be contracted and 
analytically continued to the set of CK orthogonal (and symplectic) algebras. 
CK group SO{m,: j) is defined as the set of transformations of vector space 
R„i(.?), which preserve the form x^{j) = x^ + ^^^2[^^^]^-'^k' 'where [i,k] = 
np=min(],fe)^ Jp' [^'^] = 1' ^^^^ parameter jk = l,ik,i, where Lk are nilpotent 
<.| = 0, commutative Lki-p = ipik 7^ generators of Pimenov algebra P{i). 
Cartesian components of vector .T(j) G Rm(j) arex*(j) = (xi, jiX2, . . . , [l.mjxm)*! 
as it is easily follows from x'^{j). For rnxm matrix g{j) e SO{m;j) the trans- 
formation g{j) : Rm(j) RTn(j) means that the vector x'{j) = g{j)x{j) has 
exactly the same distribution of parameters j among its components as x{j). 
This requirement give an opportunity to obtain the distribution of parameter 
j among elements of matrix g{j), i.e. to build the fundamental representation 
of CK group 30(171; j) starting from the quadratic form. It is remarkable that 
the same distribution of the parameters j is hold for CK Lie algebra so{m;j), 
namely Aik = [i,k]aik, for A e so{m;j). 

CK symplectic group Sp{2n; uj) is defined as the set of transformations of 
R„(a;) X R„(ci;), which preserve the bilinear form S{ui) = Si + Xlfe=2(l' k^'Sk, 
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where Sk{y,z) = ykZn+k - Vn+kZk, {hk) = n"=mi'n(],fc)^ '^fe' = 1' = 
li?fc,i, Cfe = 0, ^fc^p = ^p^fe. The distribution of parameters ujk among ma- 
trix elements of the fundamental representation M{u}) = ^H\ijj)^ '^^ 

the CK symplectic algebra sp{2n]uj) may be obtained as for orthogonal CK 
algebras and is as follows: Bik = (i, k)bik, where B = H{lo), E{lo), 

3 CK orthosymplectic superalgebras osp(to; j|2n; 

We shall define these superalgebras starting with the invariant form 



m+n 

w2^[l,fc]24+w^2 ^ {\,k~mfeke-k = u^x^{j)^v^2e^{uj), (3) 

fe=l fc=m+l 



k — k — m, k = m + l,...,m + n;fc — k — 2m, k — m + n + 1, . . . ,m + 
2n, which is the natural unificatin of CK orthogonal and symplectic forms. 
The distributions of contraction parameters j, tu among matrix elements of 
the fundamental representation of osp{m; j\2n;uj) and transformations of the 
generators (|l|) are obtained in a standart CK manner and are as follows: 

E,k^[^,k]E:„ Erk^ilhErk, E,k^u[l,t]v{l,k)E*-,, (4) 

where E* are generators (|^) of the starting superalgebra osp{m\2n) . The trans- 
formed generators are subject of the (super) commutation relations: 

[E.„Ek,] = + iflf - ^ - 

[E^,Ekr\^~(tM,t)(^ + ^ + ^+ _ 

V ihl) ij,k) [z,fc) 

=0, [E^,,,E,,]^[^,m,k]f^^ 
[E,j,E-,j] = ^{l,j){k,l) 

{E,j,E,^ = u\^[l, k]il, I) I ^ - ^ ] . (5) 

For u — L or V = L, = superalgebra osp{'m\2n) is contracted to inhomoge- 
neous superalgebra, which is semidirect sum {E^j}^ (so{m) ^ sp(2n)) , with 
all anticommutators of the odd generators equal to zero {E^j, Ekp} = 0. 





4 Examples 

Kinematical contractions of osp{l\2) 

This contractions was described in detail in i both on the level of (super) 
commutation relations and as subrepresentations of the fundamental matrix 
representations of osp(3|2). The isomorphism of low dimensional Lie algebras 
sp{2) and so(3) are essentially used for contraction osp(l|2) to (1 + 1) dimen- 
sional Poincare and Galilei superalgebras. This case is not included in general 
CK contractions of the previous section and we give here the fundamental 
3x3 representations of (1 + 1) Poincare and Galilei superalgebras which was 
absent inB. For this purpose we need to introduce the algebra A4{^), which is 
free generated by ^1,1^2, where ^1^2 = ^2^1, ^1=^2= 0- If ^'^'^ t^^e the basis 

Z 1 1 

^23 = 2^23' ^^'^ ^ ^(-£'33+ -£^22), -'^13 = ^(£^33-£^22), Q*+ = E12, Q*_ = i?i3, 

and one transform the generators as follows 

X12 — U}lXi2, X23, = 1^2X2^, X13 = LjIljIXi^, Q± = UJlUJ2Q±, (6) 

where 3x3 matrix E are given by (|^), each parameter ujk = 1, Cfei i, k ^ 1, 2, 
then the (super) commutation relations of osp{l\2; u) may be written in the 
form 

[Xi2,Xi3] = UjfX23, [Xi3,X23] = 0^2^13, [-'^23 7 -'^12] = -^^13; 
[^12, Q±] = ±'^C0lQ^, [Xi3, Q±] = \ujW2Q^. [^23, Q±\ = ±\^lQ^. 

{Q+, Q_} = -2ic^2^i2, {Q+, Q+} = -2(Xi3 + iujlX^2). 

{Q-,Q-} = 2(Xi3-lC^2'^12), (7) 

which is coincided with the super commutators (4.51) ini for the standart 
contractions of osp(l|2). Our designations of generators and contraction pa- 
rameters are connected with corresponding ofQ as follows: Wfc = tk^X\2 = 
K21 = H, Xi3 = K20 = P, X23 = Kqi = K. The slight differences in a struc- 
ture constant are due to the use of complex so(3; C) instead of its anti de 
Sitter real form so(2, 1). The (1 -I- 1) super Poincare algebra is obtained for 
LOi = ^i,a'2 = 1 (compare with (4.12) inlj) and (1 -I- 1) super Galilei algebra is 
given by (M) for uji ^i,[x)2 = £,2 (compare with (4.39) inEl). The commutators 
[A, B] = i^C, A: = 1, 2, 3,^e regarded as zero, i.e. [A, B] = 0. 

The Grassmann-huuM M{uj) = 20X23 + 2(3Xi2 + 27X13 -I- fiQ+ + vQ- of 
osp{l\2;uj) is represented by the matrix 
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UJlL02^i 


UJ1UJ2I' 




—ljJ\Ul2V 


—iuj^a 






\ UJ1UJ2H 




iuj20i 
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where /i, v are odd grassmannian elements: = = 0, jiv = —vji. For this 
simplest case it is possible to find the corresponding supergroup Osp(l|2;cj) 
explicitly tj, namely 



M{lo) 



2 22(1 



■ expAf(w) = / 
cosh u) + u sinhu 



sinhu 



M{lo) ■ 



cosh u — 1 



u cosh u 



sinh u 



^vB{uj) 



where = '-^i{0^ 





—iujla^ + io\(i(3 — uJ2l)^ 










V? + ijJibJ2lJiV 








A= 
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Vo 


1 















—iLij2a 









ibj 2a 



B{lo) 



p. In the case of superalgebra osp(l|4) the isomorphism sp{A) = so(5) is used 
inlj and the standart kinematical contractions of osp{l\A) to (3 + 1) super 
Poincare and (3 + 1) super Galilei are regarded for abstract generators and for 
embedding in the fundamental representations of osp(5|4). 



4.2 CK contractions of osp{Z\2) 

This superalgebra has so(3) as even subalgebra therefore their contractions to 
the kinematical (1 + 1) Poincare, Newton and Galilei superalgebras may be 
fulfilled according to general CK scheme of the first section. But unlike of two 
odd generators of osp{l\2) the superalgebra osp(3|2) has six odd generators. In 

the basis X^k = Eki, k,i = 1,2,3, F ^ -E^^, E = --j^E^^, H = -Ei5, Qk = 
Em, Q-k — Ek5 the generators are affected by the contraction coefficients 
ji , J2 in the following way 

X,k ^ [i, k]X,k, Q±k ^ [1, k]Q±k (8) 

and H,F,E are remained unchanged. Then superalgebra osp{3;j\2) is given 
by 

[Xi2,Xi3] = jiX23, [-^13, -''^23] = ^2^121 [-^^23 , -^^12] X13, 

5 



[H, E] = 2E, [H, F] = -2F, [E, F] = H, 

[X,k,Q±i\ ^ Q±k, [Xik,Q±k] = -[i,k]'^Q±i, i<k, 

[H, Q±k] - TQ±k: [E, Qk] = -Q-k, [F, Q-k] = -Qk, 

{Qk, Qk} - [1, kfF, {Q_fc, Q_fe} = -[1, fc]2^, 

{Qk,Q-k} = -[l,k]''H, {Q±^,Q^k} = ±[l,k]^X,k. 

The non- minimal Poincare superalgebra is obtained for ji = ii, j2 = i and 
has the structure of the semidirect sum ({^'^23} © osp{l\2)), where abehan 
T = {Xi2,Xi3,Q±2,Q±3} and osp(l|2) = {H,E,F,Q±i}. The Newton super- 
algebra osp(3; t2|2) = T2^ osp{2\2), where T2 = {X13, X23, ^±3} and osp{2\2) 
is generated by X12, H, E, F, Q±i, Q±2- FinaUy the non-minimal Galilei super- 
algebra may be presented as semidirect sums osp(3; ti, L2\2) = (T^ {-''^23})^ 
ospim - T35 {{X23} ® osp(l|2)). 
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